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Abstract

A simple stochastic model on DNA renaturation kinetics in the presence and absence of cooperativity have been
developedwthe corresponding deterministic models have been explicitly treated in our previous work. Biochem
Biophys Res Commun 293(2002) 870–873x. Theoretical mean and variance of number of bases in single-stranded
DNA (ssDNA), (which is of course a random variable) have been calculated and compared with the experimental
values. The results showed that only the cooperative model correctly predicted the timet at which variance becomesm

maximum whereas, the non-cooperative model overestimated it and thus proved the validity of the cooperative model.
Some of the applications of this cooperative theory in resolving the problems of the central dogma of life, PCR etc.
have also been discussed.
� 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

The denaturation and renaturation of comple-
mentary strands of DNA is an important phenom-
enon in molecular biology, especially inC to

analysisw1–3x, PCR and denaturing high-perform-
ance liquid chromatography(HPLC) w4x. Several
mathematical models have been developed to
describe the kinetics of DNA renaturation in solu-
tion and also have been experimentally testedw5–
8x. Conventionally, the renaturation of ssDNA was
described by a second order kinetics process as
follows:

k1

w x w x2 ssDNA™ dsDNA
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Where k (mol s ) is the bimolecular ratey1 y1
1

constant,wssDNAx is the concentration(molyl) of
single-stranded DNA andwdsDNAx is the concen-
tration (molyl) of double stranded DNA and the
corresponding differential (rate) equation
becomes:

w xd ssDNA
2w xy sk ssDNA (1)1dt

The formal solution of Eq.(1) for the initial
condition atts0, wssDNAxsa can be given as:0

21 k a t1 0w x w xssDNA s , dsDNAs (2)
1qk a t 1qk a t1 0 1 0

C t is an important parameter obtained fromo 1y2
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renaturation studies, whereC t s1yk , C sa ,o 1y2 1 0 0

(i.e. initial concentration of ssDNA in molyl and
t s1yk C is the time t to obtain wssDNAxs1y2 1 0

C y2x, which is used to find the ‘complexity’(a0

term used to denote the unique number of base-
pairs contained in a genome and its repetitive
nature) of a given genome. However, recent studies
w9x have shown that the renaturation was not just
a simple second order process but contained a
correct contact-forming phase(which is bimolec-
ular and fast), followed by an intramolecular
zipping phase(which is unimolecular and slow)
and the correct order parameter to describe the
renaturation process was neitherwdsDNAx nor
wssDNAx but the ‘number of mol-bases’ in ssDNA
or dsDNA. It was also shown that the theoretical
C t values obtained from cooperative modelso

agreed fairly well with the experimentalC t valueso

whereas non-cooperative models underestimated
the C t. Moreover, the sample-size autocorrelationo

analysis of kinetic-data of renaturation,(i.e. time
evolution of absorbance at 260 nm) showed that
the zipping-molecules followed a heterogeneous
path, (i.e. a stochastic processw10x) and also
showed that the so-called ‘connectedness’ of con-
formational domainswhere connectedness between
two conformational domains A and B denotes the
probability (P) of finding a molecule simultane-
ously in both of them, i.e.P (AFB)x of ssDNA
was much less than unity. Therefore, we can
conclude that the renaturation process is homoge-
nous and deterministic in the macroscopic sense,
(i.e. the correct contact forming phase) but heter-
ogeneous in the microscopic sense(zipping
phase), i.e. a mesoscopic phenomenon where the
system follows stochastic laws rather than deter-
ministic laws. Aforementioned arguments show
that in the process of renaturation, the number of
bases in dsDNA or ssDNA is a stochastic quantity,
(i.e. the zipping phase prone to higher fluctuation
and, therefore, it is a slow process). Due to this
reason, stochastic analysis of DNA renaturation is
necessary to understand the process at a micro-
scopic level and also to optimize the protocols,
which are based on renaturation,(e.g. in PCR, the
annealing time should be optimized in such a way
that zipping of a primer with its complementary

region of template DNA is complete and the
fluctuation is minimum, which will otherwise lead
to a non-specific amplification and less yield). In
this article, a stochastic model of DNA renaturation
has been developed and with its help, the presence
of cooperativity in the zipping of complementary
strands confirmed and some of its potential appli-
cations have also been discussed.

2. Stochastic theory of DNA renaturation
kinetics

As we argued earlier, the correct contact-forming
phase follows a second order kinetics and the
zipping phase follows a first order kinetics. Thus,
the set of(deterministic) coupled rate equations
describing renaturation process can be written as
follows w9x:

For non-cooperative zipping:

2d xsyk xt 1

dNsyk = a yx =N (3)Ž .t 2 0

For cooperative zipping:

2d xsyk xt 1

dNsyk b= N yN = a yx =NŽ . Ž .t 2 0 0

(4)

Where xswssDNAx (molyl), a swssDNAx ts0,0

(i.e. concentration of ssDNA at timets0 in moly
l), N is the number of bases in ssDNA,k is the1

bimolecular rate constant(mol s ) k in they1 y1
2

unimolecular rate constant(mol-base ) and bsy1

1yN (mol-base ) is the cooperativity index.y1
0

Here(a yx) in the expression of dN denotes the0 t

mol-number of correct contacts(we are multiply-
ing by this to account for all zipping initiated
molecules at timet) symbolically and(N yN)0

(bases in dsDNA) denotes the cooperative effect
of already zipped bases. Assuming ,(i.e.µ ∂N,x gZ
integer), the stochastic analogs of Eqs.(3) and
(4) can be derived as follows: since the correct
contact-forming phase is much faster than zipping
phase, i.e. andD t<D t lim D tyD t sŽ .x N D t,D t™0 x Nx N

(this can happen only and only whenD t0 x
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approaches zero faster thanD t) the followingN

limit should hold:

1
N Mlimxs x s (5)det 1qk a tD t 1 0N

Here the subscript ‘det’ denotes the deterministic
limit and this method of eliminating fast variable
is called as ‘adiabatic elimination’ in stochastic
theory w11x. However, this is slightly different
from a standard procedure in a way that here
renaturation is a non-stationary process and due to
this fact we have taken the deterministic limit to
eliminate the fast variablex (but still it is a
function of time!). Now the birth–death master
equation for the probability distributionsP(x, t)
andP(N, t) can be written as follows.

P x,tqD t yP x,tŽ . Ž .x
≠ P x,t s limŽ .t

D tD t™0 xx

w
xsk xq2Ž .1y

z
|= xq1 P xq2,t yx(xy1)P x,t (6)Ž . Ž . Ž .~

For non-cooperative zipping:

≠ P N,t±zG1 sŽ .t

P N,tqD t±zG1 yP N,t±zG1Ž . Ž .N
lim

D tD t™0 NN

w
xsk =z= Nq1 P Nq1,t±zG1Ž . Ž .2 y

z
|yN=P N,t±zG1 (7)Ž .~

And for cooperative zipping:

≠ P N,t±zG1Ž .t

P N,tqD t±zG1 yP N,t±zG1Ž . Ž .N
s lim sk b2

D tD t™0 NN

w
x=z= Nq1 N yNy1 P Nq1,t±zG1Ž .Ž . Ž .0y

z
|yN N yN =P N,t±zG1 (8)Ž . Ž .0 ~

Where,P(x, t) denotes the probability of finding
x number of ssDNA molecules at timet and zs

denotes the mean number(here it isN Ma yx0 det

equal to deterministic limit) of correct contactswit
is equal to the concentration of dsDNA in conven-
tional models, i.e. Eq.(2)x at time t, P(N, tN s1,z̄
t) denotes the conditional probability of occurrence
of N number of bases in ssDNA form at timet,
provided that G1 at time t. The aforementionedz̄
condition was insisted due to the fact that in order
to initiate the zipping process at least one correct
contact was necessary. The differential-difference
Eqs.(7) and(8) can be solved as follows(we are
neglecting the master equation forx, since it is a
fast variable):

2.1. Case I: no cooperativity in zipping:

Using ,¯ ¯ ¯P N,t±zG1,t sP N,t;zG1,t yP zG1,tŽ . Ž . Ž .
Eq. (7) can be rewritten as:

w z9
x |¯≠ P sk z= Nq1 P yN=P qPŽ .t N 2 Nq1 N Ny ~

w z
x |¯=≠ lnP zG1,t (9)Ž .ty ~

Where ¯ ¯P sP N,t;zG1,t ,P sP Nq1,t;zGŽ . ŽN Nq1

.1,t.
Defining, , Eq. (9)NN0G s,t s S PŽ . N8Ns0

becomes:

¯≠ G s,t sk z= 1ys ≠ G s,tŽ . Ž . Ž .t 2 s

w z
x |¯q≠ lnP zG1,t G s,t (10)Ž . Ž .ty ~

Here N denotes the total number of bases in0

ssDNA form at timets0, N (number of bases in
ssDNA) is the random variable of our interest and

is the number of correct contacts that has alreadyz
occurred. The solution of Eq.(10) is the following
arbitrary functionF:

w zS W
T T
U X¯ ¯G s,t sF 1ys =P zG1,t =expyk zdtŽ . Ž . Ž .x |2T T|
V Yy ~

(11)

Using the following initial conditionwhere one
should note thatP ( s1, 0)1x which is due toz̄
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adiabatic elimination of fast variablex):

w z N0x |G s,0 sF 1ys ssŽ . Ž .y ~

Nw zS W 0
T T
U X¯G s,t s 1y 1ys =expyk zdt (12)x |Ž . Ž . 2T T|
V Yy ~

Now from Eq. (12) the mean and variance of
N can be calculated as follows:

I I
N MN sN slim≠ G s,tŽ .st

s™1
k ykyk a t 2 12 0sN =e = 1qk a t (13)Ž .0 1 0

And one should note that Iw xlim t sk yk ™0 1y22 1

where t denotes the time at whichIln2yk a2 0 1y2

.I
N MN sN y20t

2I 2 I Iµ ∂Var N slim≠ G s,t qN y NŽ . Ž .t s
s™1

k yk yk a t2 1 2 0sN = 1qk a t =eŽ .0 1 0
k yk yk a t2 1 2 0= 1y 1qk a t =e (14)Ž Ž . .1 0

Here denotes the mean number of bases inI
N MN t

ssDNA form at time t and the superscript ‘I’
denotes the case I. One also should note that the
variance has a maximum at:

ln2Ilim t s (15)m k ak yk ™0 2 02 1

Therefore, in the absence of cooperativity the
equality holds.I It st1y2 m

2.2. Case II: in the presence of cooperativity

Performing same calculations as in case I, we
obtain:

w z9
x |¯≠ P sk z= N yN = Nq1 P yN=PŽ . Ž .t N 2 0 Nq1 Ny ~

w z
x |¯qP =≠ lnP zG1,t (16)Ž .N ty ~

Here ¯P sP N,t;zG1,t ,P sP Nq1,t;zGŽ . ŽN Nq1

, k 9sk b (mol-base s ) and bs1yNy2 y11,t. 2 2 0

(mol-base ) is the cooperativity index.y1

9 ¯≠ G s,t sk z= N y1 1ys =≠ G s,tµŽ . Ž .Ž . Ž .t 2 0 s
2ys 1ys ≠ G s,t ∂Ž . Ž .s

w z
x |¯q≠ lnP zG1,t G s,t (17)Ž . Ž .ty ~

Putting in Eq. (17) andG s,t sS s =T tŽ . Ž . Ž .
assuming , we obtain:¯ ¯P zG1,t fP zG1,0 s1Ž . Ž .1

99 k nykyk a nt 2 12 0T t se = 1qk a t (18)Ž . Ž .n 1 0

N0S s ss = F a qN ,b qN ;a qbŽ . Žn 2 1 n 0 n 0 n n

qN ;1ys (19).0

S (s) is the solution of 2s 1ys d Sq N y1 =Ž . Ž .n s 0

, andsy1 d SynSs0Ž . s

2yyN q N y4n0 0 2n
b s , a s ,n n

22 yyN q N q4n0 0

csy N y1Ž .0

Here F is the hyper-geometric function. For2 1

the initial condition Nw z 0N
x |0G s,0 sF S s ssŽ . Ž .ny ~8ns0

the solution to Eq.(17) becomes as(by Lagrange
expansion,w12x:

kS
` S s yNŽ Ž . .T T 0

UG s,t s 1qŽ . T 8 k!V ks1

NW 0ky1 kw zS W Td sy1T T
XU X= (20)x |T T T

V Yds S s yNy ~Ž . Yky1 T 0 ss1

Where and nowP(N,N0S s s S s =T tŽ . Ž . Ž .T n n8ns0

t) can be given as:

kNS
` S 1 yNŽ Ž . .T T

UP N,t s 1qŽ . T 8 k!V ks1

NW 0ky1 kw zS W Td sy1T T
XU X= (21)x |T T TN

V Yds S s yNy ~Ž . Yky1 T ss1

Where . The mean and vari-N NS 1 s T tŽ . Ž .T n8ns0

ance of the random variableN in the presence of
cooperativity can be given as:
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II
N MN slim≠ G s,tŽ .st

s™1
ky1

` S 1 yNŽ Ž . .T 0
sN08 ky1 !Ž .ks1

w zky1 kS W S Wd d sy1T T T Tw z
x |U X U X= S s (22)x |Ž .T T T TTy ~

V Y V Yds ds S s yNŽ .y ~ky1 T 0 ss1

To a crude approximation we can write II
N MN st

and at large values ofN (noting thatN0 T tŽ .n 08ns0

nsN in deterministic casew9x, Eq. (22) can be0

simplified to:

1kII II `
N MN sN f T t s (23)Ž Ž ..Nt 08ks0 1yT tŽ .N0

Also one should note that IIw xlim t s9k yk ™0 1y22 1

, where t is the time at which II9 II
N Mln2yk a N s2 0 1y2 t

.N y20

2II 2 II IIµ ∂Var N slim≠ G s,t qN y NŽ . Ž .t s
s™1

N0s T tŽ .n8ns0

N0= N y T t (24)Ž .0 nµ ∂8ns0

N yN T t y1Ž .0 0 N0IIµ µ ∂∂lim Var N f (25)2
9 1yT tk yk ™0 Ž Ž ..N2 1 0

Therefore, the variance ofN in the presence of
cooperativity has a maximum atwusing approxi-
mation given by Eq.(23)x:

1 N0IIµ ∂lim t s ln (26)m 9
9 k a N N y2k yk ™0 2 0 0 02 1

Here superscript ‘II’ denotes case II,IIt sm

and .II II IIw z
x |t =ln N y N y2 t 4tŽ .1y2 0 0 1y2 my ~Ž .

3. Experimental materials and methods

In order to confirm the validity Eqs.(15) and
(26) renaturation kinetic experiments were con-
ducted on a linearized plasmid DNA as described
in earlier worksw9x. The pBR322 plasmid DNA

(circular) was purchased from Pharmacia. The size
of the plasmid was 4.632 Kbpw13x. Measuring the
ratio of absorbance at 260 nm to 280 nm, which
was nearly 2, checked the purity. Treating the
circular plasmid with HindIII (purchased from
Roche chemicals) did the linearization. One
nanomole (s2 nM of wssDNAx) of linearized
DNA was used in all the experiments. Raising the
temperature to 958C in 1= Tris–EDTA buffer
pH 8.0 melted the DNA. Possibility of aggregation
was ruled out by preliminary gel filtration studies
(data not shown). The renaturation was monitored
at 260 nm (decrease in absorbance, i.e. hypo-
chromic effect) by Shimadzu-UV2100 spectropho-
tometer with a suitable blank. The time evolution
data was collected for 1 h at 0.2-s intervals(Dt),
(i.e. 18 000 data points). Since the experimental
data (absorbance at 260 nm) was a discrete one
(hereA AN whereN is the mol-bases in ssDNA260

and thus Var{ N}AVar{ A } ), we could use the260

following equation to calculate the variance.

2
tyDtB E

NtyDt C FiDt82 D GN y is0iDt8
is0 tyDt

obsµ ∂Var N s tyDt )1Ž .t tyDt y1Ž .
(27)

Here N denotes theith data point whereist yi i

Dt, 1-i-18 000 andigZ, (i.e. an integer). The
method is as follows: for example let us assume
the following data points of time evolution.

t (s)i 0 1 2 3 4
NI 0.60 0.55 0.56 0.51 0.49
t (s)i 5 6 7 8 9
NI 0.48 0.49 0.47 0.45 0.46

HereDts1 s, total number of data points is 10,
N s0.6, N s0.55 and so on. From Eq.(27) it is1 2

easy to verify that Var { N} s1.87=10 andobs y3
ts4s

for ts5 s, its 2.14=10 and so on. In the samey3

way, the whole variance function has to be con-
structed from which the timet can be calculatedm

(just by observing the maximum).
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Fig. 1. (a) This figure shows the spectroscopic evolution of
renaturation of linear pBR322 plasmid,(i.e. absorbance meas-
ured at 260 nm with an initialwssDNAx concentration of 2 nM
and here theDts0.2 s) with time. (b) This figure shows the
constructed variancewas described in Section 3 using Eq.(27)x
that shows a maximum(t ) at 450 s.m

4. Results and discussions

The observed spectroscopic evolution of rena-
turation, (i.e. absorbance at 260 nm) and the
corresponding constructed variance have been
shown in Fig. 1a,b. The theoreticalt values inm

absence and presence of cooperativity were cal-
culated using Eqs.(15) and (26) (here k s2

2.2=10 mol s ,k 9s0.128 mol s (these4 y1 y1 y2 y1
2

values were taken from earlier kinetic studiesw9x),

a s2 nM and N s4.632=10 bases). The3
0 0

obtained theoretical values were:t s1.58=10 sI 4
m

and t s364 s but the experimentalt was 450 sII
m m

(as could be seen from Fig. 1). Therefore, thetm
value obtained from cooperative model was nearly
close to the experimental valuewhere the difference
(approx. 100 s) may be due to the approximation
done in Eq.(23)x and thus confirmed its validity.
The time at which the occurrence of maximum in
the variance of random variableN is an important
parameter due to the fact that ift (this is the1y2

parameter which decides the value ofC t) coin-0

cides with t then it is prone to higher fluctua-IyII
m

tions, (i.e. error), which will introduce to a great
uncertainty in C t. Comparison of t and t0 1y2 m

showed that renaturation with cooperativity is
superior than renaturation in its absence. Generally,
the PCR(polymerase chain reaction) will have a
three-step temperature cycle viz. melting(approx.
92 8C) of complementary strands of template
DNA, annealing of primers with their recognition
sites(at 55 8C) and the extension(at approx. 72
8C and it is the real polymerization phase). Here,
the annealing phase is the one which decides the
‘specific amplification and yield’ of fragment of
our interest. Prolonged annealing time will gener-
ally result in a non-specific amplification,(i.e.
amplification of part of the template DNA which
is not of interest to us). Therefore, this annealing
time should be decided by the lifetime(t ) ofa

primer-template zipping. In this context, the coop-
erative model predicts the annealing time more
accurately (and correctly) than non-cooperative
models(according to our model the annealing time
(t) should fall in the ranget <t-t ). This is notm a

only important in the application point of view
(like in PCR) but also important in resolving the
problems of ‘central dogma’,(i.e. replication, tran-
scription and translation of the genetic code where
the initial step is invariably the recognition of a
consensus sequence of DNA by its complementary
DNA (in DNA replication) and RNA(in transcrip-
tion and translation) of life too. Extensive studies
have shown that the so-called ‘initiation’ step
involved two clear phases namely: a random search
(its generally biased and fast) of complementary
moleculeswribosome,(i.e. rRNA) etc.x for their
consensus sequence of DNA which was prone to
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higher fluctuations; and followed by a slow phase
with higher ‘processivity’(means lower fluctua-
tion). Our analysis showed that only case II satis-
fied this condition,(i.e. t 4t ) and thus we can1y2 m

conclude that renaturation of complementary
strands of DNA is a cooperative phenomenon.
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